A graph is superconnected, for short super-κ, if all minimum vertex-cuts consist of the vertices adjacent with one vertex. In this paper we prove for any r-regular graph of diameter D and odd girth g that if D ≤ g − 2, then the graph is super-κ when g ≥ 5 and a complete graph otherwise.
Introduction
Let G = (V, E) be a graph with vertex set V = V (G) and edge set E = E(G). Throughout this paper, only undirected simple graphs without loops or multiple edges are considered. Unless otherwise stated, we follow [7] for terminology and definitions.
The set of vertices adjacent to a vertex v is called the neighborhood of v and denoted by N (v). A vertex in the neighborhood of v is a neighbor of v. The degree of a vertex v is d(v) = |N (v)|, and the minimum degree δ = δ(G) of G is the minimum degree over all vertices of G. A graph is called r-regular if all its vertices have the same degree r. If S ⊂ V then G[S] stands for the subgraph induced by S. The degree of a vertex v in an induced subgraph H of G is |N (v) ∩ V (H)|. The minimum edge-degree of G, denoted by ξ = ξ(G), is defined as ξ(G) = min{(d(u) + d(v) − 2 : uv ∈ E(G)}. The distance d(u, v) of two vertices u and v in G is the length of a shortest path between u and v. The diameter of a graph G, written D = D(G), is the maximum distance of any two vertices among all the vertices of G. The girth g = g(G) is the length of a shortest cycle in G. For S ⊂ V , d(w, S) = d G (w, S) = min{d(w, s) : s ∈ S} denotes the distance between a vertex w and a set S. For every v ∈ V and every positive integer r ≥ 0, N r (v) = {w ∈ V : d(w, v) = r} denotes the neighborhood of v at distance r. Similarly, for S ⊂ V , the neighborhood of S at distance r is denoted N r (S) = {w ∈ V : d(w, S) = r}. Observe that N 0 (S) = S. When r = 1 we write N (v) and N (S), instead of N 1 (v) and N 1 (S).
A graph G is connected if there is a path between any two vertices of G. A vertex-cut (respectively, edge-cut) of a graph G is a set of vertices (respectively, edges), whose removal disconnects the graph. Every graph that is not complete has a vertex-cut. The vertex-connectivity κ = κ(G) of a graph G is the minimum cardinality of a vertex-cut of G if G is not a complete graph, and κ(G) = r − 1 if G = K r for some positive integer r. Similarly, the edge-connectivity denoted by λ = λ(G) is the minimum number of edges whose deletion disconnects the graph. A well-known result relating the connectivities to the minimum degree
The notion of superconnectedness proposed in [4, 5, 6] aims at pushing the analysis of the connectivity properties of graphs beyond the standard connectivity. A graph is superconnected, for short super-κ, if all minimum vertex-cuts consist of the vertices adjacent with one vertex, see Boesch [5] , Boesch and Tindell [6] and Fiol, Fàbrega and Escudero [9] . Observe that a superconnected graph is necessarily maximally connected, κ = δ, but the converse is not true. For example, a cycle C g of length g with g ≥ 6 is a maximally connected graph that is not superconnected. A cutset X of G is called a non-trivial cutset if X does not contain the neighborhood N (u) of any vertex u ∈ X. Provided that some non-trivial cutset exists, the superconnectivity of G denoted by κ 1 was defined in [1, 9] as:
A non-trivial cutset X is called a κ 1 -cut if |X| = κ 1 . Given a graph G being k 1 -connected we noticed that if κ 1 ≤ δ, then κ 1 = κ and that κ 1 > δ is a sufficient and necessary condition for G to be super-κ. A non-trivial edge-cut, the edge-superconnectivity λ 1 = λ 1 (G) and a λ 1 -cut are defined analogously.
Some known sufficient conditions on the diameter of a graph in terms of its girth to guarantee lower bounds on κ, λ, κ 1 and λ 1 are listed in the following theorem. Theorem 1.1 Let G be a graph with minimum degree δ ≥ 2, diameter D, girth g, edge minimum degree ξ, connectivities λ and κ and superconnectivities κ 1 and λ 1 . Then,
In this paper we improve Theorem 1.1 (ii) by proving that an r-regular graph G with r ≥ 3 and diameter at most g − 2 is super-κ when g odd. To do this we require the following known result.
be a connected graph with girth g and minimum degree δ ≥ 2. Let X ⊂ V be a κ 1 -cut with cardinality |X| < ξ(G). Then for each connected component
In Section 2 we present our results and we provide the details of the proofs in Section 3.
Main results
We use Proposition 1.1 to prove some structural properties of a component C when g is odd and max{d(u, X) :
Lemma 2.1 Let G be a κ 1 -connected graph with odd girth and minimum degree δ ≥ 3. Let X be a κ 1 -cut with |X| = δ and assume that there exists a connected component C of G − X such that max{d(u, X) : u ∈ V (C)} = (g − 3)/2. Then the following assertions hold:
and X is a set of independent vertices.
(ii) There exists a (δ − 1)-regular subgraph Γ such that for every vertex
As a consequence of Lemma 2.1 we obtain Theorem 2.1 which is an improvement of Theorem 1.1 (ii) for regular graphs of odd girth. Theorem 2.1 Let G be an r-regular graph with r ≥ 3 and odd girth g. If the diameter D ≤ g−2, then G is super-κ when g ≥ 5 and a complete graph otherwise.
The graph depicted in Figure 1 shows a non regular graph of minimum degree δ = 3, girth g = 5 and diameter D = 3 which is non super-κ. Consequently, the hypothesis of regularity is essential to establish Theorem 2.1. 
Proofs
Proof: Lemma 2.1. Set µ = (g − 3)/2. Notice that g ≥ 5 since µ ≥ 1.
(i) Given a vertex u in C such that |N µ (u) ∩ X| = 1, let x 1 be a vertex in X such that d(u, X) = d(u, x 1 ) = µ and let z 1 ∈ N (u) be such that d(z 1 , x 1 ) = µ − 1. Every vertex in N (u) \ {z 1 } is located into N µ (X) ∩ V (C), since otherwise, there are at least two vertices, say z j and z k , such that d(z j , X) = d(z k , X) = µ−1 and there exists two paths of length µ from u to x 1 , namely u, z j , . . . , x 1 and u, z k , . . . , x 1 , which form a cycle of length at most 2µ = 2(g − 3)/2 < g. Therefore, there are |N (u) \ {z 1 }| = d(u) − 1 vertices z ∈ N (u) ∩ N µ (X). Moreover, the sets N µ (z i ) ∩ X, where z i ∈ N (u) \ {z 1 } and i = 2, . . . , d(u), are pairwise disjoint (see Figure 2 ), because otherwise, there exist at least two vertices, say z j and z k in N (u) \ {z 1 } and a vertex x k ∈ X such that the z j − x k path and the z k − x k path both have length µ. Thus a cycle of length at most 2 + 2µ = 2 + 2(g − 3)/2 < g is created through the vertices z j , u, z k and x k . Hence, we have
(1) From (1) the inequalities are forced to be equalities, that is d(u) = δ, |N µ (z i ) ∩ X| = 1 for every vertex z i ∈ N (u) − z 1 , i = 2, . . . , δ, and
which means that X is a set of independent vertices. Therefore, we obtain that
which finish the proof of point (i). (ii) From Proposition 1.1 it follows that there exists a vertex u 0 ∈ N µ (X) ∩ V (C) such that |N µ (u 0 ) ∩ X| = 1. By item (i) the degree of u 0 is d(u 0 ) = δ and there are δ − 1 vertices z i ∈ N (u 0 ) ∩ N µ (X) such that |N µ (z i ) ∩ X| = 1 for i = 2, . . . , δ. Applying the same reasoning used for proving (i) to the vertices z i , we obtain d(z i ) = δ, i = 2, . . . , δ and each z i has δ − 1 neighbors w ∈ N µ (X) ∩ V (C) such that |N µ (w) ∩ X| = 1. Iterating this reasoning for each of the neighbors of z i we obtain a (δ
| ≥ |T | because otherwise forbidden cycles through u and two different vertices of N 2 (u) ∩ V (Γ) of length at most 2(µ − 1) + 4 = g − 1 would be created. Therefore, since g ≥ 5 we have
Since u ∈ V (Γ) then d G (u) = δ which implies that there exists a unique vertex z 1 ∈ N (u) ∩ N µ−1 (X). Let X = {x 1 , x 2 , . . . , x δ } denote the elements of the non trivial cut set and N (u)∩T = {z 2 , . . . , z δ } the neighbors of u included in T . Without loss of generality, let N µ (u) ∩ X = {x 1 } and N µ (z i ) ∩ X = {x i } for i = 2, . . . , δ. Since N µ (X) = N (X) for g = 5, we need to consider the two cases g = 5 and g ≥ 7 separately. r r r r r 
The dash line is a forbidden edge.
, which implies that each w i k ∈ Z i has at least one new neighbor in N (X) − T . (As an illustration see the graph depicted in Figure 1) . Therefore,
and thus (iii) follows.
Case g ≥ 7. In this case the subgraph of Γ induced by T is a tree and by (2) we have
for some i ∈ {2, . . . , δ} such that w ∈ T and z 1 ∈ N µ−1 (w) ∪ N µ (w), because otherwise a forbidden cycle through u, w, z 1 of length at most 2µ+2 would be created. Therefore (N µ (w)∪N µ+1 (w))∩X ⊆ X \{x 1 }. Applying Lemma 2.1 (i) we get N µ+1 (w)∩X = {x 2 , . . . , x δ }, hence there exists x j ∈ {x 2 , . . . , x δ }, j = i, such that x j ∈ N µ (w) ∩ N µ+1 (w) creating a cycle through x j and w of length 2µ+1 which is a contradiction. Therefore |N (X)∩V (C)| ≥ 2+(δ−1) 2 as required.
Proof: Theorem 2.1. For g = 3 the diameter is D ≤ g − 2 = 1 and G is a complete graph. For g ≥ 5 assume that G is not super-κ, then κ 1 = κ ≤ r because G is an r-regular graph. By Theorem 1.1 (ii), κ 1 = κ = r. Let X be a κ 1 -cut with |X| = κ 1 = r.
Let C and C denote two components of G − X. Let µ(C) = max{d(u, X) : u ∈ V (C)} and µ(C ) = max{d(u , X) : u ∈ V (C )} as shown in Figure 4 . From Proposition 1.1, it follows
Therefore, there exists at most one component, say C , such that µ(C ) = (g − 1)/2, and any other component
Since G is an r-regular graph |N (X)∩V (C )| ≤ |N (X)|−|N (X)∩V (C)| ≤ r 2 −(r 2 −r) = r when g = 5, and |N (X) ∩ V (C )| ≤ r 2 − ((r − 1) 2 + 2) ≤ 2r − 3 when g ≥ 7.
Let F = [X, V (C )] denote the set of edges having one vertex in X and the other vertex in V (C ). Then F is an edge-cut of cardinality |F | ≤ 2r − 3. Assume that F is trivial, then F contains the edges incident with some vertex y ∈ X or y ∈ V (C ) (see Figure 4) . If y ∈ V (C ) then X contains the neighborhood of y , which contradicts our hypothesis that X is a non trivial vertex-cut. If y ∈ X, then X \ {y} is a vertex-cut with cardinality |X| − 1, thus X is non-minimal, again contradicting our hypothesis. Therefore F is a nontrivial edge-cut and λ 1 ≤ |F | < 2r − 2 = ξ. However, we know from Theorem 1.1 (iii) that λ 1 = ξ for D ≤ g − 2.
As a consequence, if D ≤ g − 2, then |X| = κ 1 > r and G is super-κ. 
